We study Killing horizons and their neighbourhoods in the Kerr-NUT-(anti-)de Sitter and the accelerated Kerr-NUT-(anti-)de Sitter spacetimes. The geometries of the horizons have an irremovable singularity at one of the poles, unless the parameters characterising the spacetimes satisfy the constraint we derive and solve in the current paper. In the Kerr-NUT-de Sitter case, the constraint relates the cosmological constant of spacetime and the horizon area, leaving 3 parameters free. In the accelerated case the acceleration becomes a 4th parameter that allows the cosmological constant to take arbitrary value, independently of the area. We find that the neighbourhoods of the non-singular horizons are non-singular too, at least in the non-extremal case. Finally, we compare the embedded horizons with previously unembedded horizons provided by the local theory of type D Killing horizons to the second order. * Jerzy.Lewandowski@fuw.edu.pl † Maciej.Ossowski@fuw.edu.pl
Introduction
The Petrov type D spacetimes with the NUT parameter l are known to posses an infinite, string-like singularity located along the rotational symmetry axis [1] . With an appropriate choice of the coordinates the singularity can be reduced to be only a semi-infinite string contained in half of the axis. In the case of the Taub-NUT spacetime Misner proposed a non-singular interpretation, where one suitably glues two non-singular patches of spacetime [2] . The price is topological non-triviality -the spacetime becomes topologically S 3 × R. In the general case of the Kerr-NUT spacetime, this is not sufficient, and still a conical singularity passing along all the spacetime persists [1] . The properties of the Kerr-NUT-(anti-)de Sitter spacetimes and their relation to the Kerr family has been extensively studied in the literature [3, 4, 5, 6 ]. In the current paper, we address this problem in a new way, by focusing on Killing horizons and their neighbourhoods, and using coordinate independent geometric methods. Given a Kerr-NUT-(anti-)de Sitter spacetime we choose a Killing horizon therein, determined by a root r 0 of a suitable metric component, and the corresponding Killing vector. The horizon can be extended to a non-trivial U(1) bundle over S 2 that does not admit a global cross-section. However, the orbit space S 2 inherits a unique spacelike geometry from the spacetime. The geometry has a conical singularity at (at least) one of the poles, for a generic value of the four parameters (m, a, l, Λ) defining the Kerr-NUT-(anti-)de Sitter spacetime. What we find is that the singularity can be removed if and only if the cosmological constant Λ is suitably adjusted to the remaining parameters (m, a, l), namely
where r 0 can be obtained for a given m and R 2 is the area radius. We also study the geometry of the 3dimensional orbit space of the Killing vector field in a future/past neighbourhood of the horizon [7] . The neighbourhood topology is
The orbit space topology S 2 × R and the geometry inherited from the spacetime are uniquely defined. We show that the orbit space geometry is smooth at every point for a sufficiently thin neighbourhood in the case if (1) is satisfied. This result applies also to the spacetime geometry of the neighbourhood. Next, we generalise our result to the accelerated Kerr-NUT-(Anti) de Sitter spacetimes characterised by five parameters (m, a, l, α, Λ). They are a five dimensional subfamily of the Plebański-Demiański family describing a rotating and accelerating black hole with a NUT parameter on the cosmological constant background. We find a four dimensional subfamily that contains a singularity free horizon of a singularity free neighbourhood.
The idea of the current research originates from the program of abstractly defined vacuum isolated horizons (IH) of the Petrov type D with a cosmological constant [8, 9, 10, 11, 12, 13, 14, 15] . A comprehensive review of the IH theory and its application can be found here [16] . They can be characterised with respect to the principal fiber bundle structure of the null Killing flow. In the trivial bundle case, all the axisymmetric type D IHs set a three dimensional family, and each of them corresponds to a Kerr-(anti-)de Sitter spacetime [14] (modulo subtleties that arise in the extremal horizon case). In the case, when the bundle structure is that of a non-trivial U(1) principal fiber bundle over S 2 , a four dimensional family of the axisymmetric type D IHs was found [15] . Despite obvious expectations, those type D IHs generically are not embeddable in any of the Kerr-NUT-(anti-)de Sitter spacetimes [15] . This issue is addressed in the last section of the current paper. We find the explicit correspondence between the non-singular horizons in Kerr-NUT-de Sitter spacetimes (Λ > 0 turns out to be one of necessary conditions) found in the current paper and a three dimensional subfamily of the type D horizons originating from the abstract theory of the type D equation [15] . The non-singular horizons contained in the accelerated Kerr-NUT-(anti-)de Sitter spacetimes also have a topology of a non-trivial bundle over S 2 and thus they must also correspond to the type D horizons obtained as the direct solutions to the type D equation. However, an explicit 1 − 1 map between the horizons has not been constructed.
Notation. If the coordinates are not given explicitly we use the following index conventions:
• Lowercase Greek letters correspond to spacetime tensorial indices: α, β, γ · · · = 0, 1, 2, 3
• Lowercase Latin letters correspond to tensorial indices on a 3-manifold: i, j, k . . . = 1, 2, 3.
The Einstein summation convention is assumed.
Kerr-NUT-(anti-)de Sitter spacetimes
In our paper we consider the Kerr-NUT spacetimes with a cosmological constant Λ and in Sec. 6.2 its accelerated generalisation. In the current short section we recall the exact form of the Kerr-NUT-(anti-)de Sitter metric tensor and we briefly remind the problems those spacetimes have. In the following sections an invariant, coordinate independent approach will be introduced. The Kerr-NUT-(anti-)de Sitter spacetime is defined by the following metric tensor [1] 
where Σ = r 2 + (l + a cos θ) 2 , A = a sin 2 θ + 4l sin 2 1 2 θ, ρ = r 2 + (l + a) 2 = Σ + aA,
It satisfies the vacuum Einstein equations with a cosmological constant
This solution is commonly interpreted as a rotating black hole on the (anti-)de Sitter background, additionally equipped with a NUT parameter l. The NUT parameter can be seen as a gravitational analogue of the magnetic monopole, introducing a topological defect. In fact, metrics with l = 0 are known to posses a string-like conical singularity. Indeed, if a surface t, r = const is assumed to be diffeomorphic to sphere and the coordinates θ and φ are assumed to be the spherical coordinates, then a non-continuity is caused by the non-vanishing of the 1-form Adφ at the pole θ = π. Obviously this is a coordinate dependent statement, and a transformation
transforms A into A ′ = a sin 2 θ − 4l cos 2 1 2 θ that vanishes at θ = π. However, A ′ but does not vanish at θ = 0. Another drawback of the coordinate t ′ is a discontinuity on the would be circles parametrised by φ. These observations lead to a possibility of gluing halves of the two non-singular coordinate patches, and making t a cyclic variable parametrising circles. In consequence, the spacetime topology takes the form (2) . In the case a = 0 that topological step is sufficient, and it removes all the singularities from the axis θ = 0, π. In the l, a = 0 case, however for generic values of the parameters (m, a, l, Λ) a non-removable non-differentiability persists at least either at the θ = 0 or at the θ = π half-axis. It is an irremovable obstacle, except for a special, three dimensional subclass of the Kerr-NUT-de Sitter spacetimes we derive below in Section 4.3.
Another seemingly singular element of the metric tensor (3) is every zero of the function Q. But those become regular null surfaces after suitable coordinate change, and give rise to familiar Killing horizons, which we use intensively in this paper. In general Q has up to four roots, each of them defines an inner black hole horizon, an outer black hole horizon or a cosmological horizon. Finally, the presence of the NUT parameter l in the formula for the function P allows that function to change a sign unless l is suitably bounded. The change of the sign would cause the change of the signature of the metric tensor (3), hence it could not be compensated by any transformation of coordinates. In particular, if we are interested in the spacetimes of the signature (− + ++), P ≥ 0 everywhere is the necessary condition. Thus we restrict the parameter space (Λ, a, l) accordingly, to the following subset
3 Singular and non-singular horizons in Kerr-NUT-(anti-)de Sitter
The horizons
The metric (3) is obviously not well defined at the surfaces of r = r 0 , where r 0 is a root of Q. To remediate this we can introduce an advanced null coordinate v and a new angular coordinateφ such that associated coframe is
Then the metric tensor (3) takes the following form
Now the above metric is non-singular when Q(r) = 0 and the surfaces r = r 0 are null hypersurfaces of induced degenerate geometry (2) 
where Σ 0 (θ) := Σ(r 0 , θ), ρ 0 := ρ(r 0 ).
Their geometric importance becomes clear if we consider the algebra of Killing vector fields of the metric (9), spanned by commuting vector fields ∂ v and ∂ φ . All of them are tangent to the r = r 0 surface. Moreover, the vector field
where
becomes null thereon,
Thus we conclude that for every root r 0 of the function Q, the surface r = r 0 is a Killing horizon associated with the corresponding Killing vector ξ.
The space of the null generators and its geometry
In this subsection we investigate the geometry of the null generators of the horizon. This a geometrically defined structure hence its properties lead us to conclusions on the metric tensor (3) independent of the choice of the coordinates (t, r, θ, φ). First, we introduce two coordinates (x 2 , x 3 ) on the horizon, constant along the null generators,
They can also serve as coordinates on the moduli space. On the other hand, completed by the function τ such that ξ(τ ) = 0, they will set a new coordinate system on the horizon. Subsequently we define
Then the corresponding tangent frame is 
In the new coordinates the (degenerate) horizon metric tensor (10) becomes
Without prejudging the spherical nature of the variables (x 2 , x 3 ) we can say, that as long as
q H is an analytic metric tensor of Riemannian signature. On the other hand, the equalities
tell us that the zero sets of x 2 and x 2 − π are two single points. We call them poles. The
curves emanate from the pole x 2 = 0 to reach the pole x 2 = π, and are geodesic. That means that the surfaces of constant x 2 are circles of equal geodesic distance centred around the poles. Hence they are closed loops, parametrised by x 3 taking values in a fixed interval, say
The interval has to be independent of x 2 , because otherwise there would be points not connectable with one of the poles with a geodesic curve. Away from the poles, the tensor (2) q H is analytic and defines a Riemannian metric tensor. If the space and the metric is extendable to the poles in a differentiable way, then the circumference L(x 2 ) of a circle x 2 = const and the length R 0 (x 2 )/R π (x 2 ) of a geodesic segment from the pole x 2 = 0 or x 2 = π to the chosen value of x 2 have to satisfy the following boundary conditions:
The necessary singularity removability condition
Now, we calculate the limits (19) and derive the singularity removability condition. The circumference is defined as
The radius is calculated differently in the neighbourhood of the different poles: for 0 < x 2 ≤ π/2 we use
and for π/2 < x 2 < π we use
Then the limit of the ratio is lim
We can see that c can be set to a value reproducing 2π at the both poles if and only if the following condition is satisfied
If that is the case, then
Kerr-NUT-anti-de Sitter spacetimes admitting a non-singular horizon
The equality (24) is a condition on the parameters (r 0 , a, l, Λ). Now,
Therefore, in the case of the zero Λ the condition (24) becomes equivalent to the following alternative
Otherwise, if Λal = 0 then (24) determines the value of Λ by (r 0 , a, l), namely
(27)
Note that the Λ is necessarily positive excluding Kerr-NUT-anti-de Sitter spacetimes. Given (a, l) and a root r 0 of the function Q, the mass parameter m is determined by the identity following from the vanishing of the function Q
It is immediately obvious from the last equality of the above formula that the sign of m can be appropriately chosen by changing the sign of r 0 (and only r 0 , the sign of m is insensitive to a and l).
The resulting horizon geometry
We assume through out this paper, that the function P nowhere vanishes on the space of the null generators of the horizon. A good news is that actually every sequence of the parameters (m, a, l, Λ) that satisfy the singularity removability conditions (27) automatically falls in one of the three cases on the RHS of (7) . By assuming the necessary singularity removability conditions, we determined a 3-parameter family of geometries (2) q H defined on a topological 2-sphere. The sphere is parametrised by the variables
Knowing the exact domain of the variables we can calculate the 2-area of the moduli space of the null generators (see Sec. 6.1). The result is very simple, namely from (74) we have
If we assume that the variables (x 2 , P (0)x 3 ) set a spherical coordinate system on S 2 customarily denoted by (θ, ϕ), then we can check by inspection (see Appendix A), that the metric tensor (2) q H is smooth at the poles. Our result has a tricky consequence. Suppose that a Kerr-NUT-de Sitter spacetime (3) is defined by parameters (m, a, l, Λ) such that for one of the horizons of a radius r 0 the singularity removability condition (27) for Λ = 0 is satisfied. Then, any other Killing horizon contained in that spacetime has a radius r ′ 0 = r 0 , and the singularity removability condition (27) can not be satisfied (with r ′ 0 substituted for r 0 ) any more. While the space of the null generators is S 2 endowed with the metric tensor (2) q H , the horizon itself is not just S 2 × R. A geometric approach to that problem is to consider the rotation-connection 1-form C (a name made up for this paper). Anticipating the results from Sec. 5 we define C to be
The pull back to the horizon r = r 0 (we are assuming r 0 is a single root of Q) takes the following form
It is not well defined on the entire S 2 parametized by (x 2 , x 3 ), as the part − Aρ0 Σ0 dx 3 is not well defined at x 2 = π. We go back to this issue in Sec. 5
The Killing orbit space in neighbourhood of non-singular horizon
In this section we investigate a future/past neighbourhood of a non-singular horizon in Kerr-NUT-de Sitter spacetime. To that end we consider the Killing vector field ξ that develops the horizon and derive the geometry induced on the 3-dimensional space of orbits of ξ near the horizon. General considerations concerning this approach can be found here [7] . We discover that, somewhat magically, the horizon singularity removability condition (24) implies the singularity removability in the neighbourhood. We need to make a new assumption, though. Thus far, in the horizon geometry case, the multiplicity of a root r 0 of the function Q was not relevant. It turns out, however, that now the multiplicity of the root plays a role. For simplicity, we will focus on the non-degenerate (non-extremal) case, that is assume that the root r 0 is single. We will aware the reader when this assumption is used.
Clearly, the 3-dimensional orbit space geometry is degenerate wherever
Hence, we consider a region in spacetime such that
where ǫ > 0 is sufficiently small to ensure ξ µ ξ µ = 0.
As can be seen from (14), close to the horizon the sign of the ξ µ ξ µ is governed by the sign of Q such an ǫ always exists. Similarly, if the horizon is non-extremal and r 0 is a single root of the polynomial Q then ξ is strictly timelike/spacelike on one side of the horizon, and strictly spacelike/timelike on the other side.
Derivation of the induced geometry
Similarly to the previous section, in order to introduce coordinates on the space of the orbits of ξ, we need three independent functions (x 1 , x 2 , x 3 ) in spacetime, such that
Since we are away from the zeros of Q, as a starting point we may use the spacetime coordinates (t, r, θ, φ) and the spacetime metric (3). We introduce a new system of spacetime coordinates
with the associated tangent frame 
In the new coordinates the metric (3) takes the following form
where we used a fact that 1 − AΩ H = Σ 0 /ρ 0 . The coefficients of the metric that require a short calculation are:
With some harmless abuse of notation the functions x i (34) constitute a coordinate system on the orbit space of the Killing vector field ξ. The metric q induced on the space of orbits measures the spacetime distance between orbits in a frame in rest with respect to an observer following a given orbit of ξ (that is if ξ is timelike; however the formula below makes also perfect geometric sense for a spacelike ξ), then
where the vector fields∂ i are defined to satisfy the following conditions:
It is easy to see that
and hence
Finally, the metric q of the moduli space is
(42)
The signature and non-differentiable points
For the values of x 1 , simillarly to (32) we consider either
and then for x 2 = 0, π every component q ij is differentiable, even smooth. Indeed, Q(x 1 ) = 0 makes q 11 a non-vanishing and smooth function. The component q 22 is smooth and differentiable everywhere by the assumption P > 0. The denominator of q 33 does not vanish as long as g τ τ does not, that is as long as ξ is not null, hence q 33 is smooth too. The signature of the metric tensor q is (+ + +) if ξ is timelike, and (− + +) if ξ is spacelike. To see that, we study the signs of the functions q 11 , q 22 and q 33 . Clearly, q 22 > 0 everywhere. The component q 11 can be written as
For an ǫ > 0 sufficiently close to the non-extremal horizon the sign of q 11 is determined by the sign of g(ξ, ξ) and q 11 is positive for timelike ξ and negative for spacelike ξ. The component q 33 looks more complicated, however again for a sufficiently small ǫ in (32), we can estimate it by its limit at r = r 0 , which is
Here the assumption that r 0 is a single root is used. Indeed,
and lim
provided r 0 is a single root of Q. Otherwise, the limit is finite but not zero if the root is double, and even infinite if the root is triple. Notice, that in the single root case, lim
where the right hand side is the horizon null generators geometry of the previous section. In a higher multiplicity case, the left hand side of (47) changes the limit. The only possible non-differentiability of the metric q (42) is that of the metric tensor (2) 
defined for every value of x 1 = const on the manifold diffeomorphic to S 2 , and the only potentially non-differentiable points are
We will study them in the next subsection by applying the same method as in the previous section.
The differentiability condition
Now, we turn to the analysis of the properties of the metric tensor (2) q induced by (42) on a surface x 1 = r. We proceed with studying the differentiability condition in an analogous manner as in the horizon case, in particular we apply the same notation for the circumference L(x 2 ) and radius R 0 (x 2 )/R π (x 2 ) of circles around the poles.
The conditions are again that the ratio of the circumference to the radius of the circles of x 2 = θ shrunk to a pole approaches 2π. lim
Somewhat unexpectedly, we reach the same condition for removing the singularities as for the horizon (24):
(51)
Notice, that even though the calculation does depend on the fixed value r 0 of the coordinate x 1 , the result is x 1 (= r) independent. Hence, it is satisfied simultaneously for all the values of r, even without restriction by (32). Also, the value of the rescaling parameter c necessary to remove the singularity, namely
is valid for every value of r. Thus far we have examined the necessary conditions for the removability of the conical singularity in the metric tensor (42) induced on the space of orbits of the Killing vector ξ developing a non-extremal Killing horizon, and we found they are satisfied if and only the horizon itself satisfies the removability condition. On the other hand, if we assume that the coordinate system (x 1 , x 2 , x 3 P (0)) is a spherical coordinate system in R 3 usually denoted by the (r, θ, ϕ), then we can check by inspection (Appendix A) that upon the condition (27) the metric tensor q actually is smooth at the poles.
The Hopf bundle extension
The goal of this section is to reconstruct a conical singularity free spacetime geometry of the singularity free orbit space geometry q (42) derived above.
Given a metric tensor g and a Killing vector ξ such that ξ µ ξ µ = 0, the fibration structure defined by ξ is endowed with the following geometric structures: geometry of the space of the orbits, the rotation-connection 1-form 1 g(ξ,ξ) ξ µ dx µ and the laps function ξ µ ξ µ . To characterise them we choose coordinates (τ, x i ) such that ξ = ∂ τ .
Then we write [7] g =g τ τ dτ 2 + 2g τ i dτ dx i + g ij dx i dx j = g τ τ dτ +
Now, q ij dx i dx j is the orbit space metric tensor, dt + ω i dx i is the rotation-connection 1-form, and the laps function is ξ µ ξ µ = g τ τ . The advantage of that approach is that the geometric structures have a coordinate independent meaning and should be well defined. We apply it to the metric tensor (36) and the Killing vector field ξ. The orbit space metric tensor is q (42). We write it below in terms of the partially rescaled angular coordinates (r, θ, ϕ) := (x 1 , x 2 , P (0)x 3 ).
They are now legitimate spherical coordinates in R 3 and the 3-metric tensor is
It is defined on
and is everywhere differentiable provided the singularity removability condition (24) is satisfied. The spacetime metric tensor (36) adapted to the orbit fibration structure of the spacetime induced by the Killing vector ξ = ∂ τ takes the following form
However, the part of the rotation 1-form
is not well defined at the pole p π ∈ S 2 corresponding to
Indeed, the obstacle, for every value of r, is non-vanishing of the coefficient ω(r, π). Notice however, that the value is r independent, indeed ω(π) := ω(r, π) = − 4l P (0)
where we used the singularity removability condition (24) to replace P (0) by P (π). To cover the points (59), we define another chart (τ ′ , r ′ , θ ′ , ϕ ′ ) related to (τ, r, θ, ϕ) by the following coordinate transformation,
The resulting metric reads
It is well defined except for the pole p 0 ∈ S 2 , where θ = 0.
To make the transformation (61) well defined for every value of τ , we have to assume that τ is a cyclic variable that parametrises a circle S 1 and ranges the interval
The global structure of the resulting spacetime is as follows: The metric tensor ds 2 (57) is defined on
covered by the coordinate system (τ, r, θ, φ), while the metric tensor ds ′2 (62) is defined on
covered by the coordinate system (τ ′ , r ′ , θ ′ , φ ′ ) and the transformation (61) between the coordinates is defined on
The resulting manifold is diffeomorphic to
The fibration defined by the orbits of ξ provides the projection
that can be factorised to the Hopf fibration
Finally, in order to extend (66) across the horizon to make it
we need to replace the coordinates (t, r, θ, ϕ) by the horizon penetrating coordinates (v, r, θ,φ) introduced in Sec. 3.
Relation with general Type D horizons and accelerated BHs
Geometry of the Killing horizons can be described and studied in a manner independent of the bulk of surrounding spacetime. The vacuum Einstein equations with a cosmological constant imply constraints. If we add an assumption that the spacetime Weyl tensor is of the Petrov type D at the horizon and then we obtain an equation on the geometry of the space of null generators, the rotation connection 1-form and the surface gravity. A general solution to that equation was found in the axially symmetric case [14, 15] . For the horizons of the Hopf fibration structure, there was derived a family of general solutions parametrised by 4 parameters including the cosmological constant Λ. The goal of this section is to identify among the general type D horizons, those that are embeddable in the Kerr-NUT-de Sitter spacetimes and set the 3-parameter family of the geometries derived in Sec. 3. Next, in order to find the remaining general Type D horizons of the Hopf structure, we will have to extend our investigation to a more general class of spacetimes, namely so called accelerated Kerr-NUT-(anti-)de Sitter spacetimes.
Comparison with the abstractly derived Hopf bundle horizons
The theory of the abstract, unembedded type D horizons such that the null generators have the Hopf bundle structure provides the following family of geometries of the moduli space endowed with coordinates x ∈ [−1, 1] and φ ∈ [0, 2π):
where R is a constant (the area radius) and the functionP gen reads [15]
where the parameter γ is related to R, namely
and (η, n) are real parameters. Clearly, the family of the geometries can be parametrised by 4 free parameters (R, η, n, Λ) modulo some inequalities ensuring that P > 0 and the rotation-connection 1-form is not singular.
On the other hand, in Sec. 3 above, we derived the 3 dimensional family of the geometries of Killing horizons in Kerr-NUT-de Sitter spacetimes described by the metric tensors (17) (after rescaling x 3 to ϕ), namely:
All those non-singular Killing horizons of Kerr-NUT-de Sitter spacetime are parametrised by triples (a, l, r 0 ), while the cosmological constant Λ is determined by the non-differentiability removability condition (1) and the mass parameter m is given by (28). Our aim in this subsection is a comparison between the two families. Obviously the 3 dimensional family of the horizons embedded in the Kerr-NUT-de Sitter spacetimes is contained in the 4 dimensional family of all the type D horizon structures with a non-trivial fibration by the null generators.
The question is what specifically distinguishes the embedded horizons from the more general ones (probably also embeddable, however in more general spacetimes -see the next subsection).
What we have to do, is to recast a metric (73) in the form (70). The area 2-form of the metric (73) is
Integrating the above we can compare the areas and get
Comparing the coefficients of dφ in (70) and dϕ in (73) we havẽ
where the positivity ofP 2 H is guaranteed by the positivity P > 0. The last step is to solve for x = x(θ). The implied equation
with the boundary condition x(0) = −1 has a unique solution
Comparing the coefficients of the powers of x inP gen and inP H we get
In particular, it follows that
The conclusion is, that a general vacuum, type D horizon of the Hopf fibration structure is embeddable in a Kerr-NUT-dS spacetime if and only if the cosmological constant Λ and the area radius are related by (80). The question still persists concerning an embedding of the type D Hopf horizons characterised by arbitrary Λ and R. As we will see below, a 4 dimensional family of them (perhaps all) are contained in generalised Plebański-Demiański black hole, where we gain an additional degree of freedom due to the acceleration α.
Generalised black hole
In this subsection we sketch a generalisation of our quest for conical singularity free black hole solutions with Hopf like topology, to spacetimes with an additional parameter α interpreted as the acceleration of the black hole along the axial symmetry axis. Contrary to the NUT solutions there is no known way of representing accelerating Schwarzschild black hole metric without conical singularity in at least one pole [1] . In the literature the accelerating Kerr-NUT-(anti-)de Sitter spacetime is also known as the generalised Plebański-Demiański black hole. Its metric can be expressed in a form similar to Kerr-NUT-(anti-)de Sitter with different constituting functions P and Q, and an additional conformal factor function F . The metric can be expressed as follows [1] 
where F = 1 − α ω (l + a cos θ)r,
Λal,
Apart from parameters α, a, l, m and Λ, which have their typical interpretation, there is also introduced an additional free parameter ω. It can be set to any (non-zero) value provided that a and l are not both equal to 0, otherwise necessarily ω = 0.
Metric of the space of orbits of Killing vector field
For the generalised black hole we employ the same procedure as for the Kerr-NUT-(anti-)de Sitter and arrive at the metric on the space of orbit differing from (42) only by the conformal factor and the form of the functions P and Q. Because of that many general conclusions still hold. In particular the generalisation to the Hopf bundle, analysis of the signature and the non-extremal limit are analogous to the Kerr-NUT-anti-de Sitter case. The moduli metric is expressed as
Calculation of the limit of ratio of radius and circumference is especially easy as the conformal factor cancels out. In the consequence we arrive again at the condition (51) that has to be satisfied by our new function P defined in the previous section. The result, a generalisation of the condition (1) reads:
Similarly it requires a = 0 and l = 0, but Λ = 0 is relaxed. The condition (84) reduces to (1) for α = 0, regardless of chosen ω, but this limit requires Λ = 0. We can simultaneously and unambiguously solve (84) and Q(r 0 ) = 0 for Λ and m to get the 4-dimensional family of horizons parametrized by (a, l, r 0 , α): 
It should be stressed that again the rescaling constant depends only on the value of r 0 of the horizon and not on the coordinate r. This property makes it possible to remove the singularity at the horizon and in its future/past simultaneously.
It should be noted, though, that introduction of α does not lead to qualitatively new solutions to the non-differentiability removability condition: there is no solution with a = 0 and α = 0 thus we recover the fact there is no known solution of accelerating NUT spacetime [1] . Also there is no non-singular accelerating Kerr-NUT-(anti-)de Sitter: if we put l = 0 then ω = a and (51) requires that αm = 0.
Summary
We have studied the spaces of orbits of horizon forming Killing vector fields in the Kerr-NUT-(anti-)de Sitter spacetimes (3) . For every Kerr-NUT-(A)dS spacetime and every Killing horizon, the space of the null generators is a (topological) 2 dimensional sphere S 2 endowed with an induced axisymmetric metric tensor (2) q H . The metric tensor (2) q H has a singularity at one or both the poles, for generic values of the parameters (m, a, l, Λ) defining a Kerr-NUT-(A)dS spacetime. We have showed, that the singularity is removable (simultaneously at the two poles) if and only if 3 Λ = a 2 + 2l 2 + 2r 2 0 ,
where r 0 is a root of the function Q (4) that defines the horizon. The non-singular configurations can be freely parametrised by (r 0 , a, l) ∈ R 3 , while the cosmological constant Λ and the mass parameter m are determined by (88) and (28). The area radius of every non-singular horizon in a Kerr-NUT-dS spacetime is
The orbit space of a Killing vector field in a neighbourhood of a Killing horizon in Kerr-NUT-(A)dS spacetime is topologically S 2 × R endowed with an induced axisymmetric metric tensor q whose nature critically depends on the multiplicity of the root r 0 and on a side of the horizon. In the current work we considered the single multiplicity case, that is a non-extremal horizon. Generically, the metric tensor q has a conical singularity at the rotational symmetry axis (in addition to the change of the signature while passing the horizon). Removing the conical singularity at the Killing horizon (whenever possible) removes it also in all the neighbourhood. Hence, the non-singular Killing horizons in the Kerr-NUT-dS spacetimes are surrounded by non-singular neighbourhoods. The topology of suitably extended neighbourhoods is S 3 × R and the topology of the horizons themselves is S 3 . By modifying the global glueing conditions, S 3 could be replaced by any U (1) bundle ovever S 2 . Given a non-singular Killing horizon in a Kerr-NUT-dS spacetime, the catch is, that every other Killing horizon in that spacetime suffers unremovable conical singularity, since the condition (88) can be satisfied for at most one Killing horizon at once. We have also generalised those results to the accelerated Kerr-NUT-(anti-)de Sitter spacetimes parametrised freely by 5 parameters, namely the previous m, a, l, Λ and a new parameter α (acceleration) (81). The Killing horizon singularity removability condition takes the form (84). The family of the parameters (m, a, l, Λ, α) that satisfy that condition is 4 dimensional and parametrised by (r 0 , a, l, α).
The current results on non-singular Killing horizons in the Kerr-NUT-(A)dS spacetimes are compared with the results of the local theory of Killing horizon like null surfaces [15] . The local theory provides a 4 dimensional family of axisymmetric vacuum the Petrov type D horizon geometries of the topology of the Hopf fibration S 3 → S 2 . We identified among them the 3 dimensional family of the horizons embeddable in a Kerr-NUT-dS spacetime by an explicit calculation. They are distinguished by the relation (80) between the area radius and Λ. The accelerated Kerr-NUT-(A)dS spacetimes contain a 4-parameter family of the type D horizons hence the numbers of the parameters agree, however an explicit 1-1 correspondence between the members of the two families is an open problem.
where we use ǫ = 1 when projecting the northern hemisphere, i.e. when θ ∈ [0, π/2] and ǫ = −1 for the southern, i.e. when θ ∈ [π/2, π]. Using the above projection we obtain the following metrics (2) q H = a 2 + 2 l 2 + r 2 0 (xdy − ydx) 2 a 2 2 − x 2 − y 2 + 4alǫ 1 − x 2 − y 2 + 2 l 2 + r 2 
One can verify that the above metrics gives rise to the components q xx , q xy , q yy that are constituted only of the sums and products of functions of x and y that are smooth at the point (x, y) = (0, 0). Thus we conclude that the metrics (2) q H and (2) q are smooth at the poles θ = 0 and θ = π corresponding to the point (x, y) = (0, 0) when projecting onto the suitable hemisphere. Incidentally the metric in not even continuous at the poles without introducing the rescaling 1/P (0).
In the similar fashion one can check explicitly that the rotation-connection 1-forms dτ + ω(r, x 3 )dϕ defined by (58) as well as the 1-form after the coordinate change (61) are smooth, when projected onto the suitable hemisphere. The problematic part of the 1-form is ω(r, θ)dφ = 3 a 2 + 2 l 2 + r 2 0 (dyx − dxy) a x 2 + y 2 + l −x 2 − y 2 + 1 − 1 2 − 1 3 Λ a 2 3l 2 + r 2 − 3l 4 + 6l 2 r 2 + r 4 + a 2 − l 2 − 2mr + r 2 −a a x 2 + y 2 + l −x 2 − y 2 + 1 − Differentiating f we get
And so the the derivative of f at zero exists and is composed only of the smooth functions and the function f which is at least once differentiable at zero. We conclude that all derivatives of f at (x, y) = (0, 0) exist and f is smooth, making the whole rotation-connection 1-form smooth at the poles. Similar analisys can be made for the 1-form ω ′ (r ′ , θ ′ ) projected onto the southern hemisphere.
